AUTOMATIC DIFFERENTIATION: EXERCISE

Given the function f(z) : R® — R with

f(w) — L1L2L3TL4Ls,
compute the gradient V f evaluated at the pointx = [2,1,1,1,1]T.

1. Draw the computational graph.

2. Compute the gradient using forward mode. Note: you need m = 5 passes with
different seed vectors. Write your solution in a evaluation table similar to what
we did earlier.

3. Compute the gradient using reverse mode. Write your results in another
evaluation table (with possibly fewer columns than forward mode above).

4. For both, forward and reverse mode, calculate the number of arithmetic
operations (addition, subtraction, multiplication, division).

You may use the next two pages to write down your solution.
Work together with your neighbors.




AD: COMPUTATIONAL GRAPH



AD: FORWARD MODE

In the following the elements of the seed vectors are given by p,gj) — 57;]- with

i =1,2,...,m and 0;; the Kronecker delta.

Forward primal trace Forward tangent trace Pass with p(l) Pass with p(2) Pass with p(3) Pass with p(4) Pass with p(5)
Voy =21 = 2 Dyv_y = pgj) Dyv_4s=1 Dyv_4 =0 Dyv_4=0 Dyv_4 =0 Dyv_4 =0
v_3=x9 =1 Dyv_3 = pgj) Dyv_3=0 Dyv_3=1 Dyv_3=0 Dyv_3=0 Dyv_3=0
vy =z3=1 Dpv_g =p Dy y=0 Dywy=0 Dywa=1 Dwa=0 Dy =0
v_1=x24=1 Dyv_1 = pf) Dyv_1=0 Dyv_1=0 Dyv_1=0 Dyv_1=1 Dyv_1=0
vo=x5 =1 Dyvy = pgj) Dyvy =0 Dyvg =0 Dyvy =0 Dyvo =0 Dyvy =1
v1 =v_1v9 =1 Dpv1 = voDpv_1 +v-1Dpvo Dyv1 =0 Dyv1 =0 Dyv1 =0 Dyv1 =1 Dyv1 =1
Vo =v_9v1 =1 Dpvy = viDpv—o +v_2Dpv1 Dy =0 Dyvy =0 Dyvy =1 Dyvy =1 Dyvy =1
v3 =v_3v9 = 1 Dyv3 =vo Dpv_3 +v_3D,v2 Dyv3 =0 Dyv3 =1 Dyv3 =1 Dyv3 =1 Dyv3 =1
V4 = V403 = 2 Dyvy = v3Dpv_g4 +v_4Dpv3 Dyvs =1 Dyvy =2 Dyvy =2 Dyvy =2 Dyvy =2

independent variables

dependent variables


https://en.wikipedia.org/wiki/Kronecker_delta

AD: REVERSE MODE

Forward pass: Reverse pass:
Intermediate Partial Derivatives Adjoint
Vg =T =2 5 o= Of Ovg _ o v _
4 ! U_4 o 61]4 6U74 o U4 8’0,4 o 1
'U—3 — a:2 = ]. ,l_) - ﬁ 8U3 - /l_) 81}3 o 2
vog=xz3=1 3T Guy vy 3 0u
— — — o ﬁ 6’02 = 8’[)2 o
vy =x4=1 V2= %0, 00, 28, 2
vo=x5 =1
0 5 1-}_1 _ ﬁ 8’01 _ ’l_)l 8’01 2
v =v_109 =1 =1 —y =1 oo O oo
S ooy — 0 w1 Go—= 2L _p v
vy — v i — 1 By _ 1.0 . 4 0= v ou 1 50,
2SS A v, LT oy U2 _ af v,  — Ou
V1 = s - = '028— =2
v3 =v_3vy =1 0 — gy =1;9% =g =1 Sl o
3 —302 Ov_s 2 "’ Ovsy -3 __ Of Ovs _ _ Ovs
Vg = ———— = U3+ =2
V4 = V_4U3 = 2 Oy =1y =2 Ovs Ov, O
o oy — 0T Tow T T
Vg = = U4 =
. . . 81)4 8v3 81}3
independent variables dependent variables of 5
— _ 9y _ Uy o

V4= 50 = 3y, = L



AD: COMPUTATIONAL COMPLEXITY

e Forward mode:
= Computationof v, for j =1, 2, 3, 4: 4mul
= Computation of Dyv;forj =1,2,3,4:4 x (2mul + ladd) = 120ps

= Computationof D,v; dependsonj = 1,2,...,m passes with p(j).

= | Total: 4mul + m X 12o0ps =4 + 5 X 12 = 64ops

e Reverse mode:
= Computationof v, for j =1, 2, 3, 4: 4mul

= Reverse pass: 8mul

= | Total: 4mul 4+ 8mul = 120ps




