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Ridge and Lasso
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Bias vs Variance

Left: 2000 best fit straight lines, each fitted on a different 20 point
training set. 

Right: Best-fit models using degree 10 polynomial
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Bias vs Variance

Left: Linear regression coefficients

Right: Poly regression of order 10 coefficients
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Regularization: An Overview

The idea of regularization revolves around modifying the loss function L; 
in particular, we add a regularization term that penalizes some specified 
properties of the model parameters

where 𝜆 is a scalar that gives the weight (or importance) of the 
regularization term.

Fitting the model using the modified loss function Lreg would result in 
model parameters with desirable properties (specified by R).

Lreg(�) = L(�) + �R(�),
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LASSO Regression

Since we wish to discourage extreme values in model parameter, we need 
to choose a regularization term that penalizes parameter magnitudes. For 
our loss function, we will again use MSE.

Together our regularized loss function is:

Note that              is the l1 norm of the vector b
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Ridge Regression

Alternatively, we can choose a regularization term that penalizes the 
squares of the parameter magnitudes. Then, our regularized loss function 
is:

Note that               is the square of the l2  norm of the vector b

LRidge(�) =
1

n

nX

i=1

|yi � ���>xxxi|2 + �
JX

j=1

�2
j .

JX

j=1

|�j |2

JX

j=1

�2
j = k���k22



CS109A, PROTOPAPAS, RADER, TANNER 8

Choosing l

In both ridge and LASSO regression, we see that the larger our choice of 
the regularization parameter l, the more heavily we penalize large 
values in b,

• If l is close to zero, we recover the MSE, i.e. ridge and LASSO regression 
is just ordinary regression.

• If l is sufficiently large, the MSE term in the regularized loss function 
will be insignificant and the regularization term will force bridge and 
bLASSO to be close to zero.

To avoid ad-hoc choices, we should select l using validation or better 
cross-validation.
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Regularization Parameter with a Validation Set

The solution of the Ridge/Lasso regression involves three steps:

• Select l 

• Find the minimum of the ridge/Lasso regression loss function (using 
the formula for ridge) and record the  MSE on the validation set. 

• Find the l that gives the smallest MSE on the validation set. 
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Ridge regularization with only validation : step by step

1. split data into { 𝑋, 𝑌 !"#$%, 𝑋, 𝑌 &#'$(#!$)%, 𝑋, 𝑌 !*+!}

2. for 𝜆 in 𝜆,$%, … 𝜆,#- :

1. determine the 𝛽 that minimizes the 𝐿"$(.*, -𝛽/$(.* 𝜆 = X0X + 𝜆𝐼 12𝑋3𝑌 , 
using the train data.

2. record 𝐿456 𝜆 using validation data.

3. select the 𝜆 that minimizes the MSE loss on the validation data, 

𝜆"$(.* = argmin7 𝐿456 𝜆

1. Refit the model using both train and validation data, { 𝑋, 𝑌 !"#$%, 𝑋, 𝑌 &#'$(#!$)% }, 
now using 𝜆"$(.*,   resulting to -𝛽"$(.* 𝜆"$(.*

2. report MSE or R2 on 𝑋, 𝑌 !*+! given the -𝛽"$(.* 𝜆"$(.*

For ridge regression there exist an analytical solution for the coefficients:
"𝛽"#$%& 𝜆 = X'X + 𝜆𝐼

()
𝑋*𝑌
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Ridge regularization with validation only

va
l
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Lasso regularization with validation only: step by step

1. split data into { 𝑋, 𝑌 !"#$%, 𝑋, 𝑌 &#'$(#!$)%, 𝑋, 𝑌 !*+!}

2. for 𝜆 in 𝜆,$%, … 𝜆,#- :

A. determine the 𝛽 that minimizes the 𝐿'#++), -𝛽'#++) 𝜆 , using the train 
data. This is done using a solver. 

B. record 𝐿456 𝜆 using validation data.

3. select the 𝜆 that minimizes the MSE loss on the validation data,   

𝜆'#++) = argmin7 𝐿456 𝜆

1. Refit the model using both train and validation data, 
{ 𝑋, 𝑌 !"#$%, 𝑋, 𝑌 &#'$(#!$)% }, now using 𝜆8#++), resulting to -𝛽'#++) 𝜆'#++)

2. report MSE or R2 on 𝑋, 𝑌 !*+! given the -𝛽'#++) 𝜆'#++)

For Lasso regression there not an analytical solution for the coefficients 
so we use a solver. 




