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* Exponential distribution
 Normal (Linear Regression Model)
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* MLE justification through KL divergence
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e Akaike Information Criterion (AIC)
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Maximum Likelihood Estimation (MLE)
& Parametric Models



Maximum Likelihood Estimation (MLE)

Fit your data with a parametric distribution q(y|0).
0=(6,, ..., 0,) is a parameter set to be estimated.
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Maximum Likelihood Estimation (MLE)

Fit your data with a parametric distribution q(y|0).
0=(6,, ..., 0,) is a parameter set to be estimated.
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Maximize the Likelihood L

Scanning over all the parameters until find the maximum L

Now we’ve found the standard

We want the location that
Likelihood of @ “maximizes the likelihood” of o S deviation that maximizes the
observing the - ® observing the weights we L'k9|'h9°d of PY - likelihood of observing the
data: - measured. observing the - weights that we measured.
’ - data: - ®
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..but this is a too time-consuming approach.
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Maximum Likelihood Estimation (MLE)

A formal and efficient method is given by MLE
Observations: y=(y;, ..., ¥,,)

N
L) = | | awio),
i=1
Easier and numerically more stable to work with log-likelihood

(©) =Y log(q(yi))
=1
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Maximum Likelihood Estimation (MLE)

Easier and numerically more stable to work with log-likelihood

35 0 7, 1 dL ) )
89 89 Og L 89 — %L(O) a95(9) = ()

0=0\1E 0=0\1E
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Exponential distribution: A simple and useful example

A one parameter distribution: rate parameter A

_ Ne~AYi y;i >0
f(yll/\)_{o yi<0

() =Y log(Ae™) =Y (log (1) - Ay)
i=1 =1

n -1
1
AMLE = (;;yz]
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Linear Regression Model with gaussian error

—
o

y
O = N W s VI O NN 0w

yi = q(yilp, 0°) = N (i, 0°) = N(x; B,07)
1 oxo | — (yi — X,-Tﬂ)z
210 g 20°
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Linear Regression Model through MLE

(yi — XITB)Z

n 1
L(IB/ O-2) = ex (_
L[ V2102 P 207

n 1
0(83,0°%) = ;log( —

o n 1 1 )
= ; (2 log(2m) + > log(o°) +

n

exp (—
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(vi — X,-Tﬁ)z)
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n
= -7 log(2m) — > log(c®) — {Z?Z(y,-
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Linear Regression Model: Standard Formulas

Minimize the loss essentially maximize the likelihood,
and we get

Buie = (X'X) Xy

n

GIZ\ALE = lZ (yi - X?IBMLE)Z

n
i=1
(X{\ (1 X117 le\
Xg 1 X21 - Xy

X is called the design matrix X=| " |=

\x;{} \1 Xn1 0 Xy
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Model Selection & Information Theory:
Akaike Information Criterion



Kullback-Leibler (KL) divergence (or relative entropy)

How good do we fit the data?
What additional uncertainty have we introduced?

p(vi)
_ |
Drr(pllg) = Zp(yl) Og(‘?<%|9))

° . . . (e ( )
p is the real distribution _ f o(y) log( ;(?}lfg)) Iy
q is the model distribution - q\y

" E oo 2D
Dia (p19) = By |log (q<y|9> )

= E, [log (p(y)) — log (9(yl0))]
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KL divergence

The KL divergence shows the distance between two distributions,
hence it is a non-negative quantity.

With Jensen’s inequality for convex functions f(y), E[f(y)] = f (ElyD:

Dxi(pllg) =E, log(&)l

q(yl0)
— ‘7(Y|9))] ( [‘7(ZY|9)])
— —loe | P2 ~1 EACARE | =
]Ep_ og( o(y) > —log|E, »¥) 0

KL divergence is a non-symmetric quantity Dk (p Il ) # Dk (911 p)
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MLE justification through KL divergence

i—l

Minimize KL divergence is the same with maximize likelihood
(empirical distribution)

Dxr(pllg) = j: p(y) log (6]}(732’)) dy

1y p(y) ) 1 (P(yz )
Z:‘f - y’)l"g(qme) Zl 1vi10)

__Z(logp(y, ) {logq(yil)),|  log-likelihood
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Model Comparison

Consider to model distributions g(y|@) and r(y|0)

Dxr(pllg) — Dxw (p llr) = E, [log (p(y)) — log (9(y10))] — E, [log (p(y)) — log (r(yl6))]

| 7,
= E, [log ((y16)) - log (4(y6))] = E, [log (;g:e;)]

By using the empirical distribution:

1 L,(yl0
D (pllg) =D (pllr) = n log (ng’lwi)

pis eliminated.
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Akaike Information Criterion (AIC)

AIC is a trade off between the number of parameters k and the
error that is introduced (overfitting).

AIC is an asymptotic approximation of the KL-divergence Dxi (p 1| 9)

The data are being used twice: first for MLE and second for the
KL-divergence estimation.

AIC estimates which is the optimal number of parameters k
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Polynomial Regression Model Example

Suppose a polynomial regression model

k
yi=Po+ Z piXij,
j=1

Which is the optimal k?
For k smaller than the optimal: Underfitting
For k larger than the optimal: Overfitting
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Minimizing real and empirical KL-divergence

Suppose many models indicated by index j
Work with the j-th model which has k; parameters

' _ 1w , g.(g(f)
5= f p(y) log4;(yOy )dy- Kj= ;Z log 4;(yil6yp ) = —
i=1
_kj
fEhTy AIC(j) = 20K
() .
_ £i(Oyie) ki = 20;(6Y) ) - 2k;.

n n
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Numerical verification of AIC

AlC

N=50 N=50
-—&— ftrain -—&— ftrain
—60.0 1 _o— AIC —60.0 | _g— test
| train error | train error
| -62.5
—625 | testerror
-65.0 - E =65.0 1
675 - =
3
= =70.0
—=70.0 1 g
-72.5 A
=725 A1
—75.0 A
=75.0 1
L Ll Ll L ! L L I L _775 = L Ll Ll L ! L L 1 L
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7
Number of parameters (k) Number of parameters (k)
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Akaike Information Criterion (AIC): Proof

Asymptotic Expansion around true ideal MLE 6,

K; ~ f p(y) (108 q(yl6o) + (Bnre — 00)'s(yl6) + %(HMLE — 60)"H(y|60)(On1E — 90)) dy

1
=Ko+ —Z"(v|600)Z,
i J(y|60)

_ 1 n 1
K~ - E (log q(yil6o) + (Onrk — 60)' s(:160) + +§(0MLE — 0)" H(yil60)(Onie — 90))
=1

T
Zon _ Ly om

\/ﬁ 2n

=Ky+ A, +
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Akaike Information Criterion (AIC): Proof

J(v16) = —E, [H(yI6)]

1 n
Sy = ZS(inHO)
=1

n &

7, ZT n
K-K=~A,+ \/ﬁn >

Z']Z
n

Z = \n(Ouie — 6o)

1
An:_
1 &

E, [K - K] = E, [A,] + E,

CS109A, PROTOPAPAS, RADER

Y (log q(yil6o) - Ko)
=1

7717
n

(with Z; given by N (0, V7)),

|
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Akaike Information Criterion (AIC): Proof

- JJ7'ViI 1 -
E, [K - K] :O+trace( » ): Etrace(] 1V).

K=~K- %trace (]‘IV).

In the limit of a correct model: @yyg = 6y, and thus, ]! = V.

K~g-%
n
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Review

e Maximum Likelihood Estimation (MLE)

1.

2.
3.

A powerful method to estimate the ideal fitting parameters of a
model.

Exponential distribution, a simple but useful example.

Linear Regression Model as a special paradigm of MLE
iImplementation.

e Model Selection & Information Criteria

1.

KL-divergence quantifies the “distance” between the fitting model and
the “real” distribution.

KL-divergence justifies the MLE and is used for model comparison.

AIC: Estimates the number of model parameters and protects from
overfitting.
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Advanced Section 2: Model Selection & Information Criteria

Thank you

Office hours are:
Monday 6-7:30 (Marios)
Tuesday 6:30-8 (Trevor)
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